. If the solution x = (xi) has a convergent sum, then q,(n) necessarily converge to Xy/xT1 independent of the starting state. The purpose of this paper is to obtain conditions that are easy to verify and are applicable even to R-null and R-transient matrices, under which the quasi-stationary distribution exists. This paper is organized as follows. In the next section, we give some definitions and notation. Some known results are reformulated so that we can apply them for subsequent developments. In Section 2, we prove, under some conditions, the ratio limit theorem that limo pjk(n)/p,(n) = Xk/X i for all i, j, k E.=A+ where x = (xi) satisfies (0.4), which is of independent interest. Based on the results in Section 2, we provide our main result concerning the existence of the quasi-stationary distribution in Section 3. Some remarks regarding continuous-time Markov chains are also given. Finally, in Section 4, we explicitly obtain the quasi-stationary distributions of a left-continuous random walk to demonstrate the usefulness of our results. This section may be regarded as a complement of Daley's work [3] . Other applications of our results to phase-type queues will be reported in another paper [11 ] .
Some preliminaries
Let P = (p1) be a non-negative matrix whose indices range over X+. For our purposes, we assume that P is strictly substochastic, i.e. Ijf, pi 5 1 for all ie EV+ with at least one strict inequality. Throughout the paper, we denote by p1j(n), n = 0, 1,. .., the n-step transition probabilities; where pj(l) = pij and p11(O) = J6,, which are the components of Pn = (pij(n)), the nth power of P. Here 60, = 1 for i =j and 6J.
= 0 for i # j. Also, it is assumed throughout that P is irreducible and aperiodic. Before ending this section, we give a simple sufficient condition for the process ( Yn } to be simple and atomic. It will be useful in applications, because it is usually not trivial to verify this property. 
Some ratio limit theorems
In this section, we discuss the convergence of the ratios pjk(n)/p1,(n) with respect to n.
In the next section, we will see that a direct application of the ratio limit result yields the desired convergence of q,(n) in (0.3) to the quasi-stationary distribution.
When P is R-positive with R > 1, it is known that the ratio limits are equal to xk/Xi where x = (x1) is the unique left-invariant vector of Pas in (0.4) (see e.g. Theorem 6.5 on p. 207 of Seneta [17] ). When P is R-null or R-transient, however, the problem is more involved. When P is stochastic and null-recurrent, Freedman [5] [8] . For this walk, the associated stochastic matrix, say P, satisfies the conditions in Lemma 1.3 so that P is simple and atomic. However, it is not difficult to show that P2 has two almost closed sets. Therefore, even though the condition (AS) holds with N = 2 for this case, the results mentioned above may not hold. In fact, the sequence poo(n + 1)/poo(n) has two accumulation points, 1 and 4p/(l -p).
We can now state the main result of this section. We are now in a position to state our main theorem. To find the quasi-stationary distribution q = (q,) corresponding to a substochastic matrix P explicitly, the problem now consists of three parts. According to Theorem 3.1, we need to (i) find the convergence norm r, (ii) solve the system of equations rxT = xTP and (iii) check if S in (2.2) satisfies the required conditions. Then, the normalized q = x/XT1 is the desired distribution, provided that xT1 < 00. Of course, in general, the tasks (i)-(iii) above still involve many difficulties. However, this method often works for problems of interest in applications. In the next section, we demonstrate how to apply our method to obtain the quasi-stationary distribution of a left-continuous random walk considered in Daley [3] . Compared to his, our method is systematic and considerably simpler. 
Appplication to left-continuous random walks
In this section, we apply Theorem 3.1 to a left-continuous random walk to obtain the quasi-stationary distribution. Other applications in the queueing context will be discussed in a separate paper [11] (see also Iglehart [7] , Kyprianou [13] 
